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Abstract — In this paper, we consider the design of joint network 
coding (NC) and relay selection (RS) in two-way relay channels. 
In the proposed schemes, two users first sequentially broadcast 
their respective information to all the relays. We propose two 
RS schemes, a single relay selection with NC and a dual relay 
selection with NC. For both schemes, the selected relay(s) perform 
NC on the received signals sent from the two users and forward 
them to both users. The proposed schemes are analyzed and the 
exact bit error rate (BER) expressions are derived and verified 
through Monte Carlo simulations. It is shown that the dual relay 
selection with NC outperforms other considered relay selection 
schemes in two-way relay channels. The results also reveal that 
the proposed NC relay selection schemes provide a selection gain 
compared to a NC scheme with no relay selection, and a network 
coding gain relative to a conventional relay selection scheme with 
no NC. 

Index Terms — Bidirectional Relay, cooperative communica- 
tions, decode and forward, network coding, relay networks, 
selective relaying, two-way relay channels 
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I. Introduction 

Wireless channels typically suffer from time varying fading 
caused by multipath propagation and Doppler shifts, resulting 
in serious performance degradation. Diversity has been an 
effective technique in combating channel fading. Recently, 
a new form of diversity technique, called user cooperative 
diversity Qj, has been proposed for wireless networks. The 
idea is to allow users to communicate cooperatively by sharing 
their antennas to achieve a spatial diversity gain. The use 
of relay aided transmission is one example of a practical 
cooperative diversity technique. In a relay system, the source 
sends its information to the relays. The relays then process 
the received signals, and forward them to the destination. At 
the destination, by properly combining the received signals 
sent from the source and relays, cooperative diversity can be 
achieved. It has been shown that cooperative communications 
can dramatically improve the system capacity and performance 

m, a. 

To further improve the network capacity, the application 
of network coding (NC) Q in wireless relay networks has 
recently drawn significant attention. In particular, NC has 
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been studied in multiple access, multicast and two-way relay 
channels, where two users communicate with each other with 
the help of relays Q-|9). Some physical layer NC schemes, 
joint network-channel coding and scheduling algorithms, etc, 
have been proposed 0-||9], |[T5l - ll20l . It has been shown 
that properly designed NC can achieve significant capacity 
improvement in cooperative wireless networks. 

Most of the current work on two-way relay channels con- 
siders the use of a single relay node to aid communication in 
the system ||5]-||9]. In this paper, we consider a two-way relay 
system with multiple relay nodes. In multiple relay networks, 
if all relays participate in the relayed transmission, it is usually 
assumed that they transmit on orthogonal channels so that they 
do not cause interference to each other Q, (4). Relaxing the 
orthogonality constraint can lead to a capacity increase with 
an increased system complexity. To overcome these problems, 
relay selection algorithms using various relay protocols, such 
as amplify and forward, decode and forward (DAF), and their 
variations, have been proposed to facilitate system design for 
one way non-orthogonal multiple relay networks irT0ll - lfT2ll . 
Il27l . A commonly used relay selection strategy in one way 
relay networks is to select a single best relay, which has 
the optimal end to end performance or capacity among all 
relays [10|-[12|, or among all relays whose received signal- 
to-noise ratios (SNRs) are larger than a threshold ll27l . It 
was shown that the single relay selection can achieve the full 
spatial diversity order as if all relays are used. Furthermore, 
the system bit error rate (BER) performance and capacity 
compared to all-participation relaying schemes is improved 

0, a. 

In this paper, we consider the design of relay selection for 
two-way relay channels. In ETTl . an interesting relay selection 
scheme was proposed for two-way relay channels. The relay 
selection criterion was to maximize the weighted sum rate for 
any bidirectional rate pair on the boundary of the achievable 
rate region. It was shown that the probability that there exists 
one relay node which achieves the optimal rate pair decreases 
with increasing the number of relay nodes. The optimal relay 
selection criterion decides for any rate pair individually and 
the optimal rate region can be achieved by time-sharing of 
different relay nodes. 

In this paper, we propose practical relay selection schemes 
for two-way relay channels, designed to minimize the average 
sum bit error rate (BER) of the two end users in two-way 
relay channels. We consider a decode and forward relaying 
protocol for information forwarding. To improve the spec- 
tral efficiency and error performance of bidirectional relayed 
transmission, we combine relay selection (RS) and network 
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coding, and develop efficient joint relay selection and network 
coding schemes (RS-NC). Specifically, we propose two RS- 
NC schemes, referred to as the single relay selection with 
NC (S-RS-NC) and dual relay selection with NC (D-RS-NC) 
schemes. In the proposed schemes, both users first sequentially 
send their respective information to all the relays. Based on 
certain selection criteria, a single relay or two relays are 
selected for transmission. The selected relay(s) decode each 
user's signals, perform NC and then broadcast the signals to 
both users. To facilitate the analysis and selection process, we 
propose some simple selection criteria for both relay selection 
schemes. Specifically, for the single relay selection, inspired 
by the fact that the overall error probability of two users is 
dominated by the worst user, we propose a near-optimum Min- 
Max selection criterion for the S-RS-NC scheme, such that the 
BER of the worst user among the two users is optimized. 
That is, a single relay, which minimizes the instantaneous 
BER of the worst of the two users, will be selected in 
the proposed S-RS-NC scheme. Simulation results confirm 
that the Min-Max selection criterion achieves almost exactly 
the same performance as the optimal single relay selection 
criterion based on the minimization of the average sum BER 
of two users. During the revision of this paper, we have been 
informed that a similar Min-Max selection criterion for two- 
way multiple antenna relay network has been proposed in [28 1, 
[29 1, but no closed-form BER expressions were derived. In this 
paper, we will derive the exact closed-form and asymptotic 
BER expressions, and the analytical results are verified by 
Monte-Carlo simulations. 

On the other hand, as revealed by the information-theoretic 
results in [21] that the bidirectional communication is char- 
acterized by a two-dimensional rate pair, the optimal relaying 
may be achieved by time-sharing of multiple relays. Motivated 
by this result, in this paper we propose another dual-relay 
selection scheme, referred to as the D-RS-NC. For the optimal 
D-RS-NC scheme, the destination needs to do an exhaustive 
search to find the optimal pair of two relays. This procedure is 
very complex, and requires coordination between the two end 
users, and also involves significant amounts of feedback. To 
facilitate the selection process, we propose a simple selection 
criterion, named Double-Max criterion. In this criterion, we 
select one best relay for each user. Here, the best relay for the 
user k, fc=l, 2, means the relay, which has the best link quality 
to the user k. The best relays for two users could be the same 
or different. If the best relays for two users are the same, then 
only a single relay is selected for transmission. Otherwise, two 
different relays will be used. The proposed selection scheme 
is very simple and can be easily implemented. 

The performance of the proposed RS-NC schemes is ana- 
lyzed and verified by Monte Carlo simulations. Results show 
that both RS-NC schemes can achieve the full diversity order 
as if all relays are used. Results also show that the dual 
relay selection is superior to the single relay selection and 
outperform other considered relay selection schemes in two- 
way relay networks. This is different from the conventional 
one way relay networks [10|-[12| where the single relay 
selection is the optimal selection strategy. We also compare 
the performance of RS-NC schemes with other conventional 



schemes. Results show that the combined relay selection and 
NC provides a selection gain compared to the pure NC scheme 
with no relay selection, and a network coding gain relative 
to the conventional relay selection with no NC scheme. This 
implies that a properly combined network coding and relay 
selection can improve both system performance and spectral 
efficiency. 

The rest of the paper is organized as follows. The system 
model is described in Section II. In Section III, we propose 
several relay selection schemes for two-way relay channels. 
The performances of these schemes are analyzed and com- 
pared with the conventional schemes. The results are verified 
by simulations in Section IV. In Section V, we draw the 
conclusions. 

II. System Model 

In this paper, we consider a general two-hop two-way relay 
network, where user 1 and user 2 exchange their information 
with the help of N relays. For simplicity, in this paper, 
we consider the BPSK modulation. The extension to other 
modulation schemes is straightforward. 

Let b\(k) and 62(A) represent the fc-th information bit 
transmitted by user 1 and 2, respectively, and si(fc) and S2(k) 
denote the corresponding modulated symbols. The overall 
transmission can be divided into three steps. In the first two 
time slots, user 1 and user 2 send their respective information 
symbol si(fc) and S2(fc) to all relays. The corresponding 
received signal at the i-th relay transmitted from user j, 
denoted by y Uj ,n(k), j=l, 2, i=l, 2,- • • , N, can be expressed 
as 

Vuj,rA k ) = \/P^ h u :j ,r l ( k ) s j( k ) (1) 

where p Uj , j=l, 2, is the average transmission power at user 
j and h u ., ri (k) is the fading coefficient between user j and 
relay i. In this paper, we assume that all fading coefficients 
are modeled as zero-mean, unit variance, independent circular 
symmetric complex Gaussian random variables. Furthermore, 
n u -,n(k) is a zero mean complex Gaussian random variable 
with a noise variance of o\. In this paper, we assume that 
all noise processes have the same variance without loss of 
generality. 

In the final step, the relays process the received signals and 
transmit it to the two users. Specifically, the relays decode 
the received signals from users 1 and 2, and perform network 
coding by XORing the two decoded bits b\(k) and 62 (k). Let 
b r (k) represent the binary summation of &i(fc) and 62 (k), and 
s r (fc) denote the corresponding modulated symbol. Let x r ^(k) 
be the fc-th signal transmitted from the i-th relay, expressed as 

%r,i{k) — \J Pr,iSr (^) (2) 

where p r ,i is the average transmission power at relay i. Relay 
i then broadcasts this signal to both users 1 and 2. The 
corresponding received signal at the j-th user receiver can be 
written as 

y ri , Uj {k) = h rilUj (k)x rii (k) + n n , Uj {k) (3) 

where h riMj (k) is the fading coefficient between relay i and 
user j. 
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Fig. 1 . Three step transmission of single relay selection with network coding 
(S-RS-NC) in two-way relay networks 



After receiving signals from the relays, each user then de- 
codes the received signals and estimates b r (k) — b±(k)(Bb2(k). 
Let b r> x(k) and b r .2{k) represent the estimated b r (k) at user 
l's and user 2's receivers, respectively. Since user i already 
knows its own transmitted bit bi(k), it can recover other user's 
bit by simply XORing b r ,i(k) with its own bit bi(k). For 
example, user 1 can obtain an estimation of b 2 (k), denoted 
by 62 (fc), by performing 

b 2 (k) =b rA (k)®b 1 (k). (4) 



III. Relay Selection With Network Coding In 
Two-Way Relay Channels 

In this section, we propose several joint relay selection and 
network coding (RS-NC) schemes for two-way relay channels. 
We consider a decode and forward relaying protocol, where the 
relays decode the received signals before forwarding them to 
the destination. Similar to Il24l - 11261 . in this paper, we focus 
on the scenario where the link from the source to relay is 
much more reliable than the link from the relay to destination 
and as such the overall error probability from the source to the 
destination is dominated by the error probability from the relay 
to the destination and the contribution of decoding errors at the 
relay to the overall performance can be ignored. For simplicity 
of analysis, we assume error-free decoding at the relays. This 
is representative of many practical scenarios, such as when 
the source transmission power is large compared to the relay 
transmission power. One example includes two base stations 
that exchange their information through a relay station. 



To facilitate the BER proofs in this section, note that after 
integration by parts, we have 

Vb 



2V2tt 



00 e -bx/2 Fx ( x j 



dx (5) 



where Q(») is the Q function and Fx{x) is the cumulative 
distribution function (CDF) of X. In addition, if the first order 
expansion of the probability density function (PDF) of X can 
be written in the form 



/ x (x) = ^ TT + o(^),e>0 

at high SNR, the asymptotic BER is given by 

2 N aT(N + 3/2) 



(6) 



0F(^V + 1) 
+ o( 7 -( w+1 )) 



(67) 



-(W+l) 



(7) 



A. Single Relay Selection with Network Coding (S-RS-NC) 

In this section, let us first consider an RS-NC scheme, 
referred to as the single RS-NC (S-RS-NC) scheme, where 
only a single relay, which optimizes the system performance, 
is selected. Its block diagram is shown in Fig. 1. For different 
selection criteria, the selection decision procedures are differ- 
ent, so we will discuss it separately for each scheme. 

Realizing the fact that the average sum BER of two end 
users is dominated by the worst user, in this paper, we consider 
a simplified selection criterion for which the instantaneous 
BER of the worst user among two users is minimized. We 
refer to such a selection criterion as the Min-Max selection 
criterion. Fig. 2 compares the performance of an approximate 
BER using only the worst user's BER and exact two users' 
BER based on the Min-Max selection criterion, as well as 
the exact two users' BER based on the optimum selection 
criterion for which the average sum BER of two users is 
minimized. To facilitate the simulation of the optimal selection 
criterion, we use a Chernoff bound to approximate the Q- 
function when determining the optimal relay. In this figure, we 
assume that the average SNR in the link from relay i to user 
j for i = 1, . . . , N and j = 1, 2, are all equal. As can be seen 
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from the figure, the worst user's BER is almost the same as 
the exact two users' BER at medium to high SNR regions. We 
can also observe that the Min-Max selection criterion achieves 
almost exactly the same BER performance as the optimal relay 
selection at all SNR range. This confirms that the Min-Max 
selection criterion is almost equivalent to the optimal selection 
criterion for the single relay selection. 

Now let us calculate the BER expression of the S-RS-NC 
scheme using the Min-Max selection criterion. Let & r ,i(fc) and 
b r> 2(k) denote the estimation of b r (k) at user l's and user 2's 
receivers, respectively. It can be easily verified that any error 
in b r j (k),j = 1,2, will result in a bit error at user j's receiver. 
For example, if b r ,i(k) is in error, then the estimation of 62 (k) 
at user l's receiver, given by 62 (fc) = b r ,i(k) &i(fc), will 
also be erroneous, because user 1 knows 61 (fc) perfectly. This 
means that the error probability of &2(fc) at user l's receiver 
is exactly the same as the error probability of 6 r i(fc). If we 
let P ri ,u be the BER in the link from relay i to user j, then 
the average BER of two users in this link, denoted by P n , 
is equal to P n = (P ri:Ul + ^r i .« 2 )/2- As discussed before, it 
can also be approximated by using the BER of the worst user 
as follows 

Pri ~^{-^ri,ui ~l~ Pn,U2 ) — '^^^''^{-^'ri.ui 1 Pri.112} (^) 

Let 7ij = p r i/(T^ represent the average SNR in the link 
from relay i to user j. We also assume that all 7y for i = 
1, . . . , N, j = 1,2, are the same and equal to jrd = pr/cr^, 
where p r is the total relay transmission power. 

Let P ri ,uj{lrd\h ruUj {k)) represent the instantaneous BER, 
in the link from relay i to user j. It is given by 



Pr 



(lrd\h ri ,u j (k))=Q[^2^(k) 



(9) 



where 7" 3 (fc) = ~ird\h ruUj (fc)| 2 is the instantaneous received 
SNR in the link from relay i to user j. 

If we let z — 7"^ (fc), the PDF of z is given by 



fz{z) = ljexp(~z-fj) 



(10) 



Let Pri,rnaxipird\hri,min(k)) — Hiax< P Ti Ul (7rd| h Ti yUl (fc)) 



Since Q(x) is a monotonic decreasing function of x, the 
Min-Max criterion in (fTTt can be further written as 

S = argmax{7r m (fc)} (12) 

i 

= argmax{mm{7" 1 (fc),7 l " 2 (fc)},i = 1,...,N] 

i 

= argmax{mzn{|/i n . Ul (fc)| 2 , \h ruU2 (fc)| 2 }, i = 1, . . . , N} 

i 

where 7™ m (fc) = mm{7" 1 (fc),7" 2 (fc)} is the minimum of 
the two instantaneous SNRs of the links from relay i to the 
two users. That is 

7 r m (fc) = min{ 7 r(fc),7r(*o} 

= 7 rd miri{|ft rijtll (fc)| 2 , \h r ^ U2 (k)\ 2 }. (13) 

Let z mm = 7l mm (fc). From Eqs. (Qjj) and O, the PDF of 
z m in is given by O 

fz min (z) = 2 7 ; d 1 exp(-2 7 ^z). (14) 

Then the exact and asymptotic BER of the S-RS-NC scheme 
is given in the following theorem. 

Theorem 1 The average sum BER of the S-RS-NC scheme 
using the Min-Max selection criterion is given by 



j Pri.u-2 {lrd\h ri ,u 2 (k)) j denote the error probability of the 

worst user for the signals transmitted from relay j, where 
\h rumin {k)\ = nan{\h rtjUl (k)\, \h ri ,u 2 (k)\}. Then based on 
the Min-Max selection criterion, among all relays, a single 
relay, denoted by S, is selected such that the instantaneous 
BER of the worst user is minimal. That is, 

S = argiiun{P r<)moa ,(7 r d|/i r . min (fc))} (11) 

i 

= arg min{max{P ri , Ul (lrd\h ri . Ul (fc)), -Pr,,u, (lrd\h rt ,u 2 (fc))} 

,i=l,...,N} 

and other unselected relays will stay in the idle states. 



pS-RS-NC 



1 N 

(r/rd) w 4 E 

P=0 



(15) 



It can be further approximated at high SNR as 

)S-RS-NC 



P- 



'(7rd) 



2 Ar - 2 r(iv + i) „ . N . 

-%d N + o(% d N ) (16) 



fir 



Proof: See Appendix A. 

From the above equation, we can see that a diversity order of 
N can always be achieved by the proposed S-RS-NC scheme 
in a two-way relay network with N relay nodes. 

Next, let us discuss the selection decision procedure for 
S-RS-NC. Similar to ll30l . to perform selection at the relay 
nodes, each relay needs to listen to the request-to-send (RTS) 
and the clear-to-send (CTS) packets from two source nodes, 
respectively. Based on that, each relay node estimates its 
channel power gains from two source nodes. Then, a backoff 
timer is set to be inversely proportional to the relaying channel 
quality 7 ™ m (fc) = min^ 1 (fc), 7 f 2 (fc)}. The best relay with 
the largest 7™ m (fc) and the smallest backoff timer can occupy 
the channel first. Thus S-RC-NC based on Min-Max criterion 
can be implemented in a decentralized way. 

B. Dual Relay Selection With Network Coding (D-RS-NC) 

In the S-RS-NC scheme, only a single relay is selected 
for transmission. In this section, we consider another relay 
selection algorithm, referred to as the dual-RS-NC (D-RS- 
NC). Again, our selection criterion is to minimize the average 
sum BER of two users. In the D-RS-NC, one or two out of N 
relays are selected for forwarding the network coded signals. 
Let 5(i) and 5(2) denote the selected relays, which could be 
the same relay or different relays. Furthermore, to simplify 
the relay selection process and analysis, we consider a simple 
dual relay selection algorithm, referred to as the Double-Max 
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Note: Among all relays, relay Sjd , has the best link quality to user 1 and relay S\ 2 ) relays has the 
best link quality to user 2 

Since y~ m (k) and y^' sj {k) are independent, when /'z nj (k) is maximal among all y^(,k).i=\. .N. 
'/t 2 i k) could be any Cj,-tliu/=l Ni maximal in order among all y^(k),i=\ N. 



mat^i 1 tk)., = L....Nf 




t,(k)Bb 2 (k) 



Fig. 3. Block diagram of D-RS-NC based on Double-Max selection criterion 
1 .00E-01 




1 .00E-04 



1 .00E-05 



SNR (dB) 



Fig. 4. BER performance comparison of D-RS-NC based on Double-Max 
and optimal selection criterion 



selection criterion, where we select one best relay for each 
user. Fig. 3 illustrates the relay selection process using the 
Double-Max criterion. Specifically, we select two relays 
and S(2) such that relay S'(j) out of all relays has the best link 
quality to the user j. That is, among all relays, the link from 
relay Sy) to user j has the maximum received SNR at user 

i,j = i,2, 

S U) = argmax{|^ i!tl3 (fc)| 2 ,i = l,...,N},j = 1,2 (17) 

That is, \h rs , u (fc)l is the maximum one among all 
\h ruUi (k)\ for?= 1,...,AT, 

\h rS(jyUj (k)\ 2 =uiax{\h rz:Uj (k)\ 2 ,i = l,...,N},j = 1,2. 

(18) 

Fig. 4 compares the D-RS-NC scheme based on the Double- 
Max criterion, with that based on the optimal criterion, which 
selects optimal relays such that the instantaneous sum BER 
of two users is minimized. The simulation setup is the same 
as in Fig. 2. For the optimal criterion, for simplicity we also 
use a Chernoff bound to approximate the Q-function when 
determining the optimal relay(s). It can be seen that there is 
about ldB gap between the Double-Max criterion and the 
optimal selection criterion at the BER of 10~ 4 . However, 
as will be discussed shortly, the Double-Max scheme can 
be implemented in a very simple decentralized way, but the 
optimal scheme needs to be implemented in a centralized 



way. It requires one central node which has channel state 
information (CSI) of all links to determine the optimal relays 
minimizing the sum BER and this has to be done by an 
exhaustive search among all possible pairs of relays. It requires 
extensive overhead and high implementation complexity. By 
contrary, the Double-Max scheme is much simpler compared 
to the optimal scheme and is only about ldB away from the 
optimal scheme. Also analysis of the optimal selection crite- 
rion involves the order statistics of complex Q-functions which 
makes it difficult to obtain closed-form expressions. Therefore, 
in this paper, we only consider the Double-Max criterion and 
derive both exact and asymptotic BER expressions. This will 
give more insights into the system performance. 

Since the two selected relays transmit at the same time, 
they will interfere with each other. To avoid interference, we 
consider using an Alamouti space time block code (STBC) 
technique [14] at the two selected relays Sn\ and 5(2) to 
facilitate orthogonal transmission. Let b r (k) = b\(k) © b^ (k) 
and s r (k) represent the modulated symbol of b r {k). Let 
s r ij) (k) represent the signals transmitted from relay Srj) at 
time k. Then for STBC, the signal matrix transmitted from 
Sm and 5( 2 ) f° r the k-th and k + 1-th symbols, can be written 
as 



(19) 



where p r j, j = 1,2, represents the transmission power at relay 
S(j), pr.i +Pr,2 = Pr and p r is the total transmission power at 
the relays. In this paper, we consider equal power allocation 
between two selected relays. That is, p r> i = p r 2 = p r /2. 

We assume that the channel does not change during the two 
symbol transmission duration. Following the same receiver 
process as in the conventional Alamouti STBC system [14|, 
the corresponding received SNR at user j's receiver, denoted 
by 7 Uj (k), can be calculated as 




l U] {k) = \lr d (\h rS{iy u 3 {k)\ 2 + \ } 



(20) 



where /i rS( . , Uj (k) is the fading coefficient from the selected 
relay Sr^ to user j. Then we have the following theorem for 
the BER expression of D-RS-NC scheme. 

Theorem 2 The average sum BER for the D-RS-NC using 
the Double-Max criterion is given by 



P 



D-RS-NC 



ilrd) 



\e ^Q( v / 2T 7 (fc))j 



N-l q N 



g=l k=lp=q+l " 

and it can be further approximated at high SNR as 



>/> •/.•>• A<\, (2^ l)r(iV+ |) -jy i ,,,-,-iv, on 
OVd) « OAr l rd + o(7 rd J (21) 



2N0F 



6 



where 

q N 

So= n C3'-*) II (m-p)(^-P + l)(JV-A+l), 

j — l,j^k m—q-\-l,m^p 



*o = 



2 ( : + \J l + d e 2 - C1 l + c 2 cjj-ci ) Cl ^ C2 

3 ( X - \/ iT^T ( X + 2(i+ci))) 



(22) 



Cl = C 2 



Cl 



7rd 



N-k + 1 



)C2 



7rd 



2(JV-p + l) 



Proof: See Appendix B. 

By comparing the asymptotic BER of D-RS-NC in Eq. (fJTJ 
with the BER of S-RS-NC in Eq. (O, we have 



>D-RS-NC 



ilrd) = G D/S P 



S-RS-NC 



ilrd) 



(23) 



where Gry/s 



x 



< 1 for N > 1 represents the BER 
reduction of D-RS-NC relative to S-RS-NC. 

Next, let us discuss the relay selection process for D-RS- 
NC. In the D-RS-NC, each user only needs to select a best 
relay for itself, so the decentralized selection method in the S- 
RS-NC scheme can also be applied here, but the selection 
needs to be done in two steps. In each step, one relay is 
selected for one user. Similar to S-RS-NC, to select a best relay 
to user 1, each relay sets a backoff timer which is inversely 
proportional to the relaying channel quality 7™ 1 (fc). The best 
relay with the largest 7" 1 (k) and the smallest backoff timer 
can occupy the channel first and knows that it is the optimal 
relay to user 1 . Similarly, to select a best relay to user 2, each 
relay sets a backoff timer which is inversely proportional to 
7^ 2 (k) and the optimal relay for user 2 can then be selected. 
Thus D-RC-NC can also be implemented in a decentralized 
way. 

It can be observed from Eq. ( f23l that unlike the conventional 
relay networks, where a single relay selection is optimum, 
in the two-way relay networks, the performance of dual- 
relay selection with NC is always superior to the single relay 
selection with NC. 

C. Network Coding without Relay Selection (NC -No-RS) 

As a comparison, let us now consider a conventional net- 
work coding scheme with no relay selection (NC-No-RS). We 
assume that all relays transmit on orthogonal channels, so that 
the receiver can separate them without any interference from 
each other. This can be done by orthogonal space time block 
coding or other orthogonal transmission techniques. We should 
note that the NC-No-RS achieves the same spectral efficiency 
as the NC with RS schemes. The STBC orthogonal trans- 
mission in NC-No-RS is only used to facilitate the receiver 
processing and it does not increase the frequency bandwidth 
and reduce the spectral efficiency, compared to the NC with 
RS schemes. 

For a fair comparison, we assume that the total relay 
transmission power in the NC-No-RS scheme is the same as 
that in the RS-NC schemes. In this paper, we assume that the 
power is equally distributed among all relays. 



After receiving N independent signals from N relays, each 
user's receiver will then combine all the received signals. The 
overall received SNR at the j-th user's receiver at time k, 
denoted by r y S um,j(k), j — 1, 2, can be calculated as 



Is 



JV 



(24) 



1=1 



where ~/ rd = p r /N . 

Theorem 3 The average sum BER of NC-No-RS is given 

by 

A 1 (iV7^) p r(p + l/2) 



p 



NC-No-RS 



ilrd) 



1 



1 



V 



2 20F^ o p!(l + 7V 7 - 1 )(p+i/2)- 

(25) 



Its asymptotic BER expression at high SNR can be approxi- 
mated as 



jNC-No-RS 



(ird) 



N jy T(N+ 1/2) _ N 



lrd+o{l- d N ) (26) 



20Fr(/V + l) 



By comparing the asymptotic BER of NC-No-RS in Eq. 
with the BER expression of S-RS-NC shown in Eq. ( [TBI ), 
we have 

pS-RS-NC / \ ^ r> nNC-No-RS r n , \ (<t,\ 

P {■Jrd) ~ Gs-RsP Klrd) (27) 

where Gs-rs = — represents the BER reduction of the 
S-RS-NC compared to the NC-No-RS. The gain comes from 
the relay selection. It can be verified that Gs-rs < 1 for N > 
0, and it decreases with increasing N. This means that a relay 
selection scheme is always superior to non-selection schemes 
with all relay participation. The performance gain using relay 
selection increases as the number of relay increases. 

D. Conventional Relay Selection With No Network Coding 
(RS-No-NC) 

As a comparison, now let us also consider a conventional 
relay selection (RS) scheme without using network coding in 
two-way relay networks. To avoid interference, we also assume 
that all the relays transmit on orthogonal channels, so that they 
do not interfere with each other. In the RS-No-NC scheme, 
we select one best relay for each destination user and each 
selected relay will be used to forward other user's information 
to its destination user. Specifically, user 1 and user 2 first 
broadcast their own information to all the relays, separately. 
One relay, which has the best link quality to user 2 is selected 
for forwarding user l's data to user 2, while the another 
relay which has the best channel to user 1 is selected for 
forwarding user 2's data to user 1. From the above description, 
we can see that the RS-No-NC is somewhat similar to the 
D-RS-NC scheme based on Double-Max criterion. Therefore, 
relay selection is the same as the D-RS-NC scheme. The 
only difference is that there is no network coding in RS-No- 
NC scheme and each selected relay only carries one user's 
information. 

For a fair comparison, we also assume that the total trans- 
mission power of two selected relays is equal to p r . Following 
the similar analysis as for the S-RS-NC scheme, the average 
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TABLE I 

Gain of various relay selection algorithms relative to the 
NC-No-RS 



Relay Selection Scheme 


BER reduction relative to the NC-No-RS 


S-RS-NC 


JV12™- 1 


D-RS-NC 


(JV-1)!(2™ -1) 
N % 


Conventional RS-No-NC 





BER of RS-No-NC, denoted by pRS-No-NC \ lrd ), can be 
calculated as 




where J^f{k) = msx{^ 3 {k),i = 1, . . . , N} for j = 1,2 
and 7" 3 (fc) = ^ r d\h n , Uj (fc)| 2 . 

Again using the first order expansion of the PDF of ^"^(k) 
and Eq. (0, its asymptotic BER at high SNR is given by 

PUS-NO-NO^ M 2^(^+1/2) ^ + o(7 - /} (29) 

By comparing Eq. d29b with Eq. ( fTo*b , ( TT6b can be rewritten 

as 

pS-^-iVC^) = l p RS-No-NC {7rd) m 

From the above equation, we can see that the error rate of 
the S-RS-NC is always half of the conventional RS with no 
NC. This gain is due to network coding. 

Table 1 summarizes the BER reduction of various relay 
selection schemes relative to the NC with no relay selections 
(NC-No-RS) and they are illustrated in Fig. 5. They are 
calculated based on the asymptotic BER at high SNRs, given 
in Eqs. ( fT6l l. ( |2T1 i. ( l26l l and ( l30t . It can be seen from the 
table and figure that the D-RS-NC scheme has the maximum 
BER reduction among all relay selection schemes, and thus 
performs best. The S-RS-NC has the second best performance. 
The conventional RS with no NC is worse than these two RS 
schemes, but is superior to the NC with no relay selection as 
the number of relays is greater than six. 

IV. Simulation Results 

In this section, we provide simulation results. All simula- 
tions are conducted using a BPSK modulation. We assume 
that the average SNR in the link from relay i to user j for 
i = 1,,,.,N and j = 1,2, are all equal. We consider the 
scenario where the link from the source to relay is much more 
reliable than the link from the relay to destination and as such 
the decoding errors at the relay can be ignored. 

In Fig. 6, we first compare the BER performance of RS-NC 
when selecting various numbers of relays. The optimal RS-NC 
scheme is to exhaustively search the optimal relay set among 
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Fig. 6. BER performance comparison with selecting various numbers of 
relays for 5 relays 



all possible sets of relays, where the optimal relay set may 
contain one, two, three, • • • , up to N relays. Obviously, such 
search has very high complexity, especially when N is very 
large. From the figure, we can see that the D-RS-NC, which 
selects up to two optimal relays performs almost the same 
as the optimal RS-NC scheme but has much low complexity 
compared to the optimal relay set selection. This indicates 
that the D-RS-NC scheme is a near optimal RS-NC scheme 
in a two-way relay network. It also brings significant gains 
compared to the S-RS-NC scheme. 

Figs. 7-10 compares the BER performance of the single re- 
lay selection with NC (S-RS-NC) based on Min-Max criterion, 
dual-relay selection with NC (D-RS-NC) based on Double- 
Max criterion, conventional relay selection with no NC (RS- 
No-NC) and the NC with no relay selection (RS-No-NC) 
schemes for various numbers of relays. It can be seen that 
among all these relay selection schemes, D-RS-NC performs 
best. This is different from the conventional one way relay 
networks, where the single relay selection is optimal [11-13]. 
For the network with two relays, the dual relay selection with 
NC can provide 0.5dB gain over the S-RS-NC and NC-No- 
RS, and about 2dBs over the conventional RS-No-NC. The 
gains are due to the relay selection and they may increase as 
the number of relays increases. For example, as the number 
of relays is increased to 16, the gain of the D-RS-NC over 
the S-RS-NC, RS-No-NC and NC-No-RS are increased to 
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0.5dB, ldB and 2.5dB, respectively. This is consistent with 
the analytical results obtained in Section EH. However, the 
gain resulting from relay selection in two-way networks is not 
as large as relay selection in one way relay networks. This is 
due to the two-way communication models and use of network 
coding. 

Additionally, we can observe that the single relay selection 
with NC does not provide any selection gain compared to the 
NC-No-RS when the number of relays is two. Only when the 
number of relay is great than two, it provides some gains. This 
is also different from the relay selection in the conventional 
one way relay networks, where the relay selection can provide 
a gain as long as there are more than one relays. 

Furthermore, we can also note that the combined relay 
selection with network coding can provide reasonable gains 
compared to the conventional relay selection with no network 
coding under the same complexity. The gains are contributed 
from the network coding. 

Figs. 7-10 also compare the simulation results with the 
analytical results using the exact BER expressions derived in 
Section EH. It can be seen that for the D-RS-NC, RS-No- 
NC, NC-No-RS schemes the analytical BER exactly match 
the simulation results in all SNR ranges. This validates that 
the BER expressions derived in Section III are accurate. 
The only BER expression, which has slight deviation from 
the simulations, is the S-RS-NC scheme. At low SNRs, its 
analytical BER is slightly better than the simulation results. 



This is because the analytical BER only uses the worst user's 
BER to approximate the average sum BER of two users. 
However, as the SNR increases, the analytical BER also 
matches the simulation results. That is, it is accurate at high 
SNRs. 

From the simulation results, we can see that unlike the 
conventional relay networks, where a single relay selection is 
optimum, in two-way relay channels, D-RS-NC outperforms 
other considered relay selection schemes. However, the D-RS- 
NC requires strict time synchronization between two selected 
relays. In contrast, S-RS-NC does not have this requirement. 
Therefore, there are some implementation complexity and 
performance tradeoff between these schemes in practical ap- 
plications. 

V. Conclusions 

In this paper, we combine the network coding and relay 
selection to improve the transmission efficiency and system 
performance in two-way relay channels. We proposed several 
selection schemes that optimize the overall performance of 
two users, including single relay selection with NC (S-RS-NC) 
and dual relay selection with NC (D-RS-NC). To simplify the 
relay selection process, we propose several simplified selection 
criteria. In particular, for S-RS-NC, we proposed a Min-Max 
selection criterion, so that the BER of the worst user out of two 
users is optimized, while for D-RS-NC, we developed a simple 
Double-Max criterion, for which we select one best relay for 
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each user. Unlike the conventional relay selection strategy in 
one way relay networks, where the optimal selection strategy 
is to select a single best relay, in two-way relay networks, 
the dual relay selection outperforms single relay selection and 
is a near-optimal scheme. It was also shown that a properly 
combined network coding and relay selection can improve 
the system performance and efficiency. It provides additional 
selection gains compared to pure NC schemes with no relay 
selection, and an extra network coding gain relative to the 
conventional relay selection with no NC, but the gain due 
to the relay selection in two-way relay channels is not as 
larger as for the one way relay channel. Furthermore, in terms 
of practical implementation, single relay selection is easier 
to be implemented compared to the D-RS-NC scheme as 
the later requires synchronization of relay transmission. The 
performance of D-RS-NC using Double-Max criterion is about 
ldB away from the optimal criterion. How to design a simple 
selection criterion which can approach the optimal criterion 
would be a very interesting problem. 

VI. Appendix 

A. Proof of Theorem 1 

Let 7 ™ ax - mm (fc) = max{ 7 ™ m (fc),i = 1,...,JV} 
=max{min{7 J Ul (k), -ff 2 (k)},i = 1, . . . , N} represent the 
minimum value among the instantaneous SNRs from the 
selected relay S to users 1 and 2. Based on Eqs. dTZb and 
d, the PDF of ^ ax - mm (k) can be calculated HH 

f max (x) = Nf Zmm {x)(F Zmm {x)) N - 1 (31) 
= 27V 7 - 1 e^(-2 7 -»(l - exp(-2 7 -») Ar - 1 

where Fz min (x) is the CDF of 7 ™"(/c), given by 

Fz mm (x) = l-exp{-2 1 ^x)). 

The instantaneous overall BER from the selected relay S 
to the two users, denoted by P rs {"ird\l™ ax ~ mm ), can be 
approximated by 

E> fn, \..max—min\ 
= — {Pr S: U! ( 7 rd|^r s ,«i (&)) + Pr s ,u 2 xYrd \ h rs ,n 2 (&))} 



max — min\ 



The average sum BER, denoted by P S ~ RS ~ NC ("f r d), can 
be derived by averaging the above equation with respect to 

^max-mvn ^ . g giyen fey 



P 



S-RS-NC 



ilrd) &~E[Q[ J2-y 



7 max — rain 
S 



4^ Jo V% 



if H(-d p - 



(32) 



where we have made use of Eq. ((5]) with 6 = 2 and F max (x) 
/ -i\ N 

M - e - 2x ~<r d J is the CDF of 7 ™ 



,// tax— mi 71 



This yields Eq. (TBI) , 

At high SNR, its first order expansion is given by 



Fmax (^) 



) Ar =(2x 7 - 1 ) Ar + O (^),0< e <l 



By simply algebraic manipulation of the above equation to 
obtain the PDF, and using Eq. (|7), we can obtain its asymptotic 
BER as shown in Eq. (fTol l. 

B. Proof of Theorem 2 

We assume that all fading coefficients are independent. 
Let 7 " 3 (fc) = Jrdlhnwik)] 2 . For each user j, j = 1,2, 
we rearrange 7 " J (k), i = 1,,..,N, in an ascending order, 
denoted by 7 ^(fc), such that 7(' 1 3 )(fc) < 7(2) (&) — "" — 
7^)( fc ) = 7sL(*). 3 = !> 2 ' That is > we arrange 7$(fc) as 
the (N — i + l)-th maximal in order. As we can see from Fig. 
3, since 7 gJ (k) and 7 ^ 2 . (k) are independent, when 7^ (k) 
is the maximal among all 7" 1 (k), 7^ (fc) could be any q-th 
(q = 1, . . • , N) maximal in order among all 7 " 2 (k). That is, 
for any q, q = 1, . . . , TV, the probability that 7^ (k) is the 
q-th maximal in order is the same and equal to 1/N. Similarly, 
when 7o 2 (k) is the maximum one among all 7" 2 (k), jg 1 (fe) 
could be of any q-th maximal in order among all r y i 1 (k). 

The average BER for D-RS-NC, denoted by 
pD-RS-NC ^y rd ^ can ^ e ca i cu i a ted as 



D-RS-NC 



(7ra 



l -E I^Q( V / 27Mfc) 



1 

iV 



-SVi ) —Sc. 



jf E s(«(v^*r+72* w (*> 



(2) 



1 

iV 

1 

N 



E 

■S(l)-S (2 ) 

E 



= Ll + L 2 



(33) 



The first term Li can be calculated by following the similar 
procedure as for the S-RS-NC and is given by 

jt E e[q{^^) 

S(i)-S {2) 



^1 = T7 



27V ^ 

p=0 



(-If 



1 



VP + Ird 



(34) 



Now let us calculate the second term L^. We first find the 
moment generating function (MGF) of Z — v -- v - 



7^. Let us define W[ = 7$ - 7 ( " 1 _ 1) for Z = 2, . . 
wi = 7?A. It can be shown that u>/ for 1 = 1,. 
independent, and distributed according to Il22l 



AT — Z — 1 



7rd 



JV— i — 1 



7rd 



-Wi 



,N and 
,JV are 

(35) 
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Then we have 



This proves Theorem 2. 



JY 



fc=l fc=l 
q N 

fc=l fc=q+l 

The moment generate function (MGF) of Z is thus given 



by 



M z (a) 



/•OO /"GO / -N \ 

/ ■•■ / II f^k( w k) )e sZ dw 1 . . . dw N 
Jo Jo V fe=1 / 

(n fe^'/^KJd^ 



n 

Nl(- 1) N q 



e SWk fw k (w k )dw k 



N 



N 
rd 



n 



- n 



fc=l 2 7rd fc=g+l 



jV-fc+1 

7rd 



(37) 

By using the partial fraction expansion, Eq. d37l i can be 
further expressed in Eq. (l38T >. 

Based on Eq. l UST l. L2 can then be calculated in Eq. 



where <b = - f 2 - — ■ ■iTo\\^\ ■ itaw &Q an d it can be 

7T JO (ci + sin A (9))(co+sm z (9)) 



further calculated in (1221 

By substituting (f39b and d34l i into d33l l. we can obtain the 
desired expression in Eq. (|2TT >. 

To derive the high SNR approximation, we first evaluate the 
first order expansion of the PDF of Z = X\ +X2 by applying a 
Taylor series expansion around the origin. This can be written 
as 



pi 



(40) 



where /|f (0) is the p-th derivative of fz{z) with respect to 
z, evaluated at zero, and p is the minimum integer value such 
that (0) 7^ 0. Using the derivative property of the Laplace 
transform and the Initial Value Theorem, we can restate the 
equivalent problem as finding the minimum value of p such 
that 



/^(O) - lim^s^Mzi-s) ? 



(41) 



By substituting Eq. ( 137] ) into Eq. fiTV we can show that 
p = N — 1, which gives 

f z (z) = N2-iz N - 1 +o(z N ) (42) 

Substituting Eq. d42l into Eq. (0, the asymptotic BER at 
high SNR can be written as 



>D-RS-NC 



T{N+j) _ N 



I ^ 2 N - 1 NT{N+\)2-i _ _ N A 



E 

9=1 



2/V0F 



(2^-l)r(iV+i) _ w , , 



2A^v^ 



7-/+ (7-/) 



(43) 



C. Proof of Theorem 3 

Let F 7sum . (x) represent the CDF of j S um,j> then it is given 



(36) by 



— W- T (N) 1 ^ pl 

The average BER of NC-No-RS can then be calculated as 

pNC-No-HS {7rd) = 1^ ^ Q ^ 2w . (fc) 

1 2 /-oo 

„- 1 



i=i 
1 




2 2^^ Pl -^ + 2^ + N ^) 
v P =o 1 

This proves Theorem 3. 
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